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Abstract.  An  energy  decay  rate  Is  obtained  for  solutions  of  wave 
type  equations  in  a  bounded  region  in  Rn  whose  boundary  consists  partly  of 
a  nontrapping  reflecting  surface  and  partly  of  an  energy  absorbing  surface. 
Unlike  most  previous  results  on  this  problem,  the  results  presented  here 
are  valid  for  regions  having  connected  boundaries. 

Keywords.  Wave  equations,  boundary  stabilization,  exponential 
stability.  <• 

Let  n  be  a  bounded,  open  .connected  set  in  IRn  (n£2)  and  F  denote  its 
boundary.  Assume  that  T  is  piecewise  smooth  and  consists  of  two  parts, 

and  Tj ,  with  and  relatively  open  in  T.  and  Tq  either  empty  or  having  a 

non-empty  interior.  We  set  2q=TqX( 0.®).  2j=r^x(0,“).  Let  k  be  an  L  ( T j) 

function  satisfying  k(x)£0  almost  everywhere  on  .  Consider  the  problem 

(1)  w'  Aw  =  0  in  flx(0,°®) , 

(2)  dw/du  =  -kw '  on  2^  w  =  0  on  2q. 

(3)  w(0)  =  w®,  w'(0)  =  w*  in  fi 

where  '=d/dt  and  v  is  the  unit  normal  of  T  pointing  towards  the  exterior  of 


Associated  with  each  solution  of  (1.1)  is  its  total  energy  at  time  t: 

E(t)  =  \  fn  (W2  +  jvw|2)dx. 

A  simple  calculation  shows  that 

E ' ( t)  =  -X  kw*2dr  $  0. 

1 

hence  E(t)  is  nonincreasing.  The  question  of  interest  for  us  is  the 
following:  Under  what  conditions  is  it  true  that  there  is  an  exponential 


decay  rate  for  E(t).  i.e.. 


E(t)  i  Ce~WtE(0) , 


for  some  positive  w. 


The  first  person  to  establish  (4)  for  solutions  of  (l)-(3)  was  G. 


1 


Chen  [1],  under  the  following  assumptions:  k(x)^kQ>0  on  Tj .  and  there  Is 
a  point  XqGR11  such  that 

(5)  (x-*0)*t>  i  o.  xer0. 

(6)  (x-xQ)*u  l  n  >  0,  x€rr 

Chen  slightly  relaxed  (5)  and  (6)  in  a  later  paper  [2].  The  most  general 
result  to  date  in  terms  of  the  assumed  geometrical  conditions  on  T  appears 
in  [5].  There  it  is  proved  that  (4)  is  valid  provided  there  exists  a  vector 

field  h(x)=[h1(x).***.hn(x)]€C^(n)  such  that 


(7) 

(8) 


h*u  i  0  on  T 


0. 


h’u  £  tt  >  0  on  Tj. 


(9) 


the  matrix  (dhi/dXj+  dh^/dx,,)  is  positive  definite  on  0. 


i 


This  last  result  has  subsequently  been  reproved  by  Lasiecka-Triggiani  [7] 
and  Triggiani  [9]  using  methods  different  from  those  in  [5].  In  all  of  the 


papers  cited,  the  estimate  (4)  was  obtained  from  estimates  on  J  E(t)dt  by 

0 


employing  a  result  of  Datko  [3]  (later  extended  by  Pazy  [8]).  Thus  in  all 
cases  the  constants  C  and  u  are  not  given  explicitly  in  terms  of  problem 
data. 

An  important  observation  is  that  when  f  is  smooth,  the  conditions  (5) 


and  (6)  (resp.  .  (7)  and  (8))  together  force  Thus  if  the 

above  results  cannot  apply  to  regions  fl  having  a  connected  boundary. 
However,  in  a  recent  paper  [4],  Kormornik  and  Zuazua  succeeded  in  relaxing 
condition  (6)  of  Chen  to 

(10)  (x-x0)*u  l  0  on  Tj 

thus  allowing  for  regions  with  smooth  connected  boundaries,  but  at  the 
expense  of  replacing  the  boundary  condition  (2a)  by 

(11)  dw/du  =  — ( (x-x_) ‘i^w’  on  2.. 


In  addition,  the  proof  in  [4]  gives  explicit  estimates  of  the  constants  C 
and  u  in  (4)  in  terms  of  the  geometry  of  Q,  more  specifically,  in  terms  of 
the  constants  p^  and  p^  which  appear  in  (16).  (17)  below. 

The  purpose  of  this  paper  is  to  extend  the  result  of  [4]  in  two  ways: 
first,  by  replacing  the  specific  vector  field  x-Xq  in  (5)  and  (10)  by  a 
general  vector  field  h(x)  satisfying  (7).  (9),  and 

(12)  h*u  2  0  on  Tj , 

and,  second,  by  replacing  the  boundary  condition  (11)  by 

(13)  dw /dv  =  -k*(h*i>)w'  on  2^ 

where  k*€L  (T^)  satisfies  k*£kQ>0  on  .  Note  that  if  h-u^fX)  on  ,  the 

it 

boundary  condition  (2a)  may  be  written  as  (13)  with  k  =k/(h*u).  Hence,  in 
this  situation,  we  recover  (a  sharpened  form  of)  the  main  result  of  [5] 

(see  Theorem  below).  Also,  as  in  [4],  we  will  obtain  explicit  estimates  on 
the  constants  C  and  u  in  (4)  in  terms  on  constants  associated  with  the 

it 

geometry  of  fl.  the  gain  k  and  the  vector  field  h. 

The  formal  statements  of  the  two  results  to  be  proved  are  as  follows. 
THEOREM.  Let  w  be  a  regular  solution  to  (1),  (2b)  and  (13).  Then  there  is  a 
constant  u  (which  may  be  expl  icl  t  lv  estimated')  such  that 

CO 

S  E(s)ds  i  ( l/u)E(0) , 

0 

00  00 
S  E(s)ds  i  e-^1/  E(s)ds,  t£o. 

t  0 

CDROLLARY .  Under  the  hypotheses  of  the  Theorem. 

E(t)  $  e*e”WtE(0) ,  Ql/u. 

Remark  1.  If  the  initial  data  (3)  satisfies  w^€H*(Q),  w^€L^(0),  w=0  on  r^. 

it  is  well  known  that  ( 1 )— (3)  has  a  unique  weak  solution  such  that 
1  2 

(w.w)€C([0,«);H  (f?)xL  (0)).  w=0  on  2q  in  the  sense  of  traces,  and 
1/2  2  2 

k  w'€L  (0,T;L  (Tj)),  for  every  T>0.  The  proof  of  Theorem  requires 


additional  regularity  of  w.  namely  (w.w' )€C([0,«»);H2(n)xH1(n)).  When 

ro 1*1*'  this  latter  requirement  may  not  be  satisfied  even  for  smooth  data 

and  boundary  since  singularities  may  develop  at  points  on  r^flT^.  On  the 

other  hand,  when  T qHTj=$  the  solution  will  always  possess  the  necessary 
regularity  if  w°€H^(0).  w*€H*((l).  w°=0  on  Tq,  dw^/du+kw1^  on  Tj . 

Remark  2.  The  Theorem  and  Corollary  may  be  extended  to  generalized  wave 
equations  with  time  independent  coefficients  as  in  [5]  but  under  the  weaker 
condition  (12)  and  also  to  linear  elastodynamic  systems  (cf.  p.  167  of  [5] 
and  also  [6]).  We  omit  details. 

Proof  of  Corollary.  Since  E(t)  is  nonincreasing,  for  every  t>0 

CD 

tE( t+r )  *  S  E(s)ds  £  (l/uJe^EfO). 

t 

or 

(14)  E(t+r)  $  (e^ArrJe'^^EfO).  r>0. 

The  first  factor  on  the  right  has  its  minimum  at  t=1/u  and  for  this  value 
of  t  (14)  becomes 

E( t+l/u)  $  e-e~t,(t+1/w)E(0).  QO. 

Proof  of  Theorem.  We  assume  that  The  argument  may  easily  be  modified 

to  handle  the  opposite  case  as  in  [5]  or  [9], 

Define  the  matrix  H=(dhj/dXj  +  dh^/dx^).  By  assumption  we  have 

(15)  Hf-f  *  h0lf|2.  f€JRn.  xen.  h0>0. 

Since  multiplication  of  h  by  a  positive  constant  leaves  /~q  and  Tj 
invariant,  we  may  (and  do)  assume  that  h^=l  in  (15). 


Define  constants  and  p^ 

by 

(16) 

;r  v2dx 
i 

5  “c/n 

|  w  |2dx 

(17) 

V2dx 

<-  ui;n 

|  w  |2dx 

for  all  v€H^(fl)  such  that  v=0  on  [  for  t>0  and  fixed,  define 


4 


where 


Fft(t)  =  E(t)  +  ep(t) 


p(t)  =  2(w'.h*vw)  +  ((hj  j-l)w,w'), 


We  note  that 


hence 


|p(t)|  1  C0E(t). 


(18)  (l-eC0)E(t)  $  F£(t)  1  (l+eC0)E(t) 

where  Cq  depends  on  h  and  ptj  We  will  show  that  for  e  sufficiently  small 

(19)  F£(t)  £  -eE(t)  +  w2dx 
where  C  depends  on  h.  pQ  and  p^. 

One  has 

(20)  p‘(t)  =  2(w''.h*vw)  +  2(w'.h*vw‘)  +  ((hj  j— l)w',w')  + 


((hj  ’) 


From  (1).  (2)  we  have 


(w‘  '  ,v)  +  (vw.w)  +  b(w‘  ,v)  —  J_  (dw/3u)vdr  =  0 

0 


for  every  v€H  (0),  where 

b(w'.v)  =  Jr  k*(h*u)w'vdr. 

1 

We  use  (21)  to  calculate  (w'',h*vw)  and  ( (h .  l)w,w‘‘)  in  (20).  One  has 

J  *  J 

(22)  (w'',h*vw)  =  — ( vw . v(h* vw) )  —  b(w',h*vw)  +  (dw/du)h*vwd P. 

0 

A  direct  calculation  gives 

(23)  (vw.v(h-vw))  =  J"n  h.  jW^jdx  -  (1/2)/^  h^  j|vw|2dx  + 

(l/2)Jr  h*u |vw |2df. 


Simi lar ly , 


^hj.J_1^W,W  J  =  ~^n  (hJ  j_1  >  I W I2<dx  ~  -^n  hj,ijwwidx  “ 


b(w  .  (hj  j— 1  )w)  - 


We  also  have 


(25) 


(w'.h-vw')  =  (1/2 )Sr  (h*u)w'  tiT  -  (l/2)Jn  hj  jW^dx. 

Use  of  (22)  -  (25)  In  (20)  gives 

(26)  P'( t)  =  -2Jn  ht  jWjWjdx  +  Jn  |vw|2dx  -  XQ  w,2dx  - 

hj  JjWwidx  —  jy  (h*u) |vw |2dT  +2/^  (3w/3u)h*vwdT  + 

Xr  (h*u)w'2dT  —  2b(w‘ ,h*vw)  —  b(w',(h.  .— l)w). 

*  J  J  •  J 

The  integrals  over  I~q.  viz. 

(27)  2 J_  (3w/3u)h*vwd T  -  Xr  h*u|vw|2dr  =  Xr  h*u(9w/du)2dT  i  0. 

*o  0  *0 

We  also  have  the  estimates 

(28)  |b(w\h-vw)|  =  |J_  k*(h*i>)w‘(h’Vw)dT| 

1 

S  Xr  h*u  |vw  |2dT  +  C.JY  (h-i>)w,2d T. 

1  1  1  1 

(29)  |b(w’ .(hj  j-l)w)|  <  C2/(26)/r^(h-D)w*2df  +  (6/2)/^  |vw|2dx. 

(30)  |Jn  hj  jjWWjdxl  *  Ca/(26)/n  w2dx  +  (6/2)MlJ|vw|2dx 
where  Ct .  C2  depend  on  h  and  k  ,  C3  on  h  and  where  6>0  will  be  chosen 
below.  Use  of  (27)  -  (30)  and  (15)  (  recall  that  hg=l)  in  (26)  yields 

P'(t)  i  — Xq  (W2+  |vw|2)dx  +  (6/2)(pQ+M1)Xn  |vw|2dx  + 

(^+€2/(26)  +  1  )Xr  (h-u)w,2dr  +  C3/(26)Xq  w2dx. 

Choosing  6  =1/(Pq+p1)  we  obtain 

(31)  P'( t)  i  -E(t)  +  C^Xr^(h*u)w,2dx  +  C5Xn  w2dx 

where  C^=C,+C2/(26)+l ,  C^sC^/^S).  Since  k  2kQ>0  on  Tj.  we  obtain  from  (31) 

Ffc(t)  =  E(t)  +  tP ’ ( t) 

=  — Xr  k*(h* u)w ' 2df  +tp'(t) 

1 

i  -tE(  t )  ♦  tC^Xp  w2dx  +  Xj-  ( eC^-k^ )  (  h  •  i> )  w 1 2dT 

i  -eE(t)  +  tC&Xn  w2dx 
provided  eC^kQ.  This  establishes  (19). 


Let  0X)  and  consider 


90  CD 

(32)  S  e”^{8_t)F;(s)ds  =  -F  (t)  +  PS  ^^F  (s)ds 

t  t 

£  -tj*  e~^^s— t^E(s)ds  +  tCj ./  e~^S  |w(*  ,s)  |^ds. 

t  bt 

From  (18),  F£(s)£0  provided  cCq^I.  From  Theorem  2  of  [5],  we  have  the 
estimate 

(33)  S  e^S~l)  |w(-.s)|2ds  *  C*E(t)  +  tjJ*  e"P{ ^^(sjds 

t  q  t 

where  tj>0  is  arbitrary  and  Cq  is  a  constant  independent  of  p.  Therefore 
(32).  (33)  imply 

00  © 

(34)  ef  e"^(s~t)E(s)ds  $  F  (t)  +  feC,-[C*E(t)  +  nf  e"^(s_t)E(s)ds] 

t  t  T)  t 

where  e=min( 1/Cq, kQ/C4) .  Choosing  T)=l/qCg  (q> 1 )  in  (34)  gives  the  estimate 
00 

(35)  (3^  J  e“p{s”t)E(s)ds  $  Ffe(t)  +  eC5C*/qE(t)  $  (l+eKq)E(t) 

where  Kq  =Cq+  C^C^q  does  not  depend  on  p.  Define  wq=(q— 1  )e/q( l+eKq)  and 

let  P-O  in  (35)  to  obtain 

00 

(36)  S  E(s)ds  i  (1/w  )E( t) ,  t*0,  q>l. 

t  q 

The  conclusions  of  the  Theorem  with  ut=iu^^/2{  l+tKg)  (for  example)  follow 
easily  from  (36). 
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